Tl in Focus: AP® Calculus
2017 AP® Calculus Exam: BC-6
Alternating Series

Stephen Kokoska
Professor, Bloomsburg University
Former AP® Calculus Chief Reader

*AP is a registered trademark of the College Board, which was J"’ T I
not involved in the production of, and does not endorse, this product. [EXAS INSTRUMENTS



2017 AP® Calculus Exam

Outline

(1) Definition
()

(3) Estimating Sums; Alternating Series Error Bound
(4)

Alternating Series Test; Geometric Interpretation

Examples

*i3 Texas INSTRUMENTS



2017 AP® Calculus Exam oSSttt

An alternating series is a series whose terms are alternately positive and
negative.

Examples:
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The nth term of an alternating series is of the form
an = (=1)""'b, or a,=(-1)"b,

where b, is a positive number.
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Alternating Series Test (AST)

If the alternating series

o

> (=1)" by = by — by + by —ba+bs — bg + -

n=1

satisfies
(i) bpg1 <b, foralln
(i) lim b,=0
n— oo

then the series is convergent.

b, >0
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A geometric look at a convergent alternating series
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Compute and plot the partial sums.

Since b,, — 0, and b,, is decreasing, the successive steps become smaller and
smaller.

The even partial sums are increasing. The odd partial sums are decreasing.

It seems reasonable that both converge to some number s.
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Example 1 Conditions of Worth
(_1 n+1

vn+1

o
Determine whether the series Z

n=1

converges or diverges.

Solution
1

1
<
vn—+2 vn+1

(i) bpt1 < b, because

() b= o ot =

Therefore, the series is convergent by the Alternating Series Test.
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Solution
(_1)n+1

A graph of the terms a,, = ——=—— and the partial sums s,,.
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Example 2 All Downhill From Here

oo
Determine whether the series Z(—l)”“ne‘” converges or diverges.

n=1

Solution

™ is decreasing.

(i) It's not obvious that the sequence b,, = ne™
Consider the related function f(z) =ze™* = f'(z) = (1 —x)e™ "
f is decreasing on the interval [1,00).
This shows that f(n+1) < f(n) and b,41 < by,.

(i) lim b, = lim " gim L

n—oo en n—oo en

Both conditions are satisfied; the series converges by the Alternating Series Test.
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Estimating Sums
@ A partial sum s, of any convergent series can be used as an approximation to
the total sum s.

@ The error in estimation is the remainder R, = s — s,

@ This theorem provides a bound on the error for a series that satisfies the AST.

Alternating Series Error Bound Theorem

oo
If s= Z(—l)"‘lbn, where b,, > 0, is the sum of an alternating series that
L n=1
satisfies

(i) b1 <b, foralln

(i) nh_}rr;o b, =0

then the Alternating Series Error Bound is |R,,| = |s — s, | < bpt1.

In words: the alternating series error bound is less than the absolute value of the
first omitted term.

error < |1st omitted term|
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Example 3 Bound and Determined

n—14
Consider the alternating series Z —5n( D) ey
n

(a) Show that this series converges.
(b) Find sg and use the Alternating Series Error Bound to show that this value

differs from s by less than

150000 )
Solution
(a) Check the conditions for the AST.
(1) b1 = 5n+1(i+2) < 5"(n4+ 1) bn
(i) lim _ 4 =0

Therefore, the series converges by the Alternating Series Test.
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Solution

) sg=2 L, L 4, 02 4
75775 125 3125 ' 9375 109375
38671
= Joo375 = 0353563

The Alternating Series Error Bound is

4 1 1

4
— 56| < by = = =
|s — s6| < b7 57(8) ~ 625000 156250 = 150000
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5. (n+1)

seq(a(l),z,l,ﬁ)

2 -4 1 -4 2 -4
5'75 1253125 9375 " 109375

. (_l)n—l_ 4 Done []

6 38671
E (a)) 109375
i=1
la(7)| 1
156250
=
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Solution

Graph of {a,} and {s,}.

0.5y

-0.25
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