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2019 AP R© Calculus Exam BC-5: FRQ

2019 AP® CALCULUS BC FREE-RESPONSE QUESTIONS 

5. Consider the family of functions 
1 

f x( ) = 
x − 2x + k2 , where k is a constant. 

(a) Find the value of k, for k > 0, such that the slope of the line tangent to the graph of f at x = 0 equals 6. 

(b) For k = 8− , f ind the value of ( )f x  d
1 

∫ x
0 

. 

(c) For k = 1, f ind the value of f x  d( ) x∫0
2 

 or show that it diverges.  

-6- GO ON TO THE NEXT PAGE. 
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 1 : improper integral
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Part (a)

Solution

f(x) =
1

x2 − 2x+ k
= (x2 − 2x+ k)−1

f ′(x) = (−1)(x2 − 2x+ k)−2(2x− 2) =
(−1)(2x− 2)

(x2 − 2x+ k)2

f ′(0) =
(−1)(2 · 0− 2)

(02 − 2 · 0 + k)2
=

2

k2
= 6

k2 =
1

3
⇒ k =

1√
3
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Technology Solution
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Graphical Presentation
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Example 1 Runs in the Family

Consider the function g defined by g(x) =
1

x2 − 2x− 6
.

(a) Find an equation for the tangent line to the graph of g at the value x = 4.

(b) Sketch a graph of g and the tangent line on the same coordinate axes.

(c) Find the value b where the tangent line intersects the x-axis.

(d) Find the area of the region bounded the graph of g, the tangent line, and the
line x = b.
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Part (b)

Solution∫ 1

0

f(x) dx =

∫ 1

0

1

x2 − 2x− 8
dx =

∫ 1

0

1

(x− 4)(x+ 2)
dx

Partial Fraction Decomposition

1

(x− 4)(x+ 2)
=

A

x− 4
+

B

x+ 2
=

A(x+ 2) +B(x− 4)

(x− 4)(x+ 2)

1 = A(x+ 2) +B(x− 4)

x = 4 : 1 = A(6) ⇒ A =
1

6

x = −2 : 1 = B(−6) ⇒ B = −1

6
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Part (b)

Solution (Continued)

∫ 1

0

f(x) dx =

∫ 1

0

[
1/6

x− 4
− 1/6

x+ 2

]
dx Use the PFD

=

[
1

6
ln |x− 4| − 1

6
ln |x+ 2|

]1
0

Antiderivatives

=

[
1

6
ln 3− 1

6
ln 3

]
−
[
1

6
ln 4− 1

6
ln 2

]
FTC

= −1

6
[ln 4− ln 2] = −1

6
ln

4

2
= −1

6
ln 2
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Technology Solution
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Example 2 Unbounded Region

Consider the function g defined by g(x) =
1

x2 − 2x+ 3
.

(a) Find the value of

∫ ∞
−∞

g(x) dx or show that it diverges.

(b) Let R be the region in the first quadrant bounded by the graph of y = g(x),
the x-axis, and the y-axis. Find the volume of the solid obtained by rotating
R about the x-axis.
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Part (c)

Solution∫ 2

0

1

x2 − 2x+ 1
dx =

∫ 2

0

1

(x− 1)2
dx =

∫ 1

0

1

(x− 1)2
dx+

∫ 2

1

1

(x− 1)2
dx

= lim
b→1−

∫ b

0

1

(x− 1)2
dx+ lim

b→1+

∫ 2

b

1

(x− 1)2
dx

= lim
b→1−

(
− 1

x− 1

∣∣∣∣b
0

)
+ lim

b→1+

(
− 1

x− 1

∣∣∣∣2
b

)

= lim
b→1−

(
− 1

b− 1
− 1

)
+ lim

b→1+

(
−1 + 1

b− 1

)
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Part (c)

Solution (Continued)

lim
b→1−

(
− 1

b− 1

)
= − 1

(−)
= +∞

lim
b→1+

(
1

b− 1

)
=

1

(+)
=∞

Therefore, the (original) integral diverges.
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Technology Solution
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Example 3

Consider the function g defined by g(x) =
1

x2 − x− 12
.

A portion of the graph of g is shown in the figure.

(a) Find the value of a such that lim
x→a+

g(x) =∞

(b) Let R be the region bounded by the graph of g, the x-axis, and the line
x = 3. Find the area of the region R.

(c) Find the value of

∫ −2
−4

g(x) dx or show that it diverges.
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