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2019 A Calculus Exam

5. Consider the family of functions f(x) = , Where k is a constant.

X —2x+k

(a) Find the value of &, for k > 0, such that the slope of the line tangent to the graph of f at x = 0 equals 6.
1
(b) For k = —8, find the value of fo F(x) dx.

2
(c) For k = 1, find the value of -[0 f(x) dx or show that it diverges.

Source: 2019 AP Calculus AB and BC Free-Response Questions
Copyright (© 2019 The College Board.
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2019 AP Calculus Exam

@ [f(x)= _(2X7_2)2 1 : denominator of f"(x)
(x2f2x+k) 3:41: ()
_2 _ 2 _ 1 _ 1 1 : answer
f'(0) 262k732k7\/§
1 1 4 B o )
(®) T o s G- x4t iz 1 : partial ﬁac-t?on
3. decomposition
= 1=A(x+2)+ B(x-4) "] 1: antiderivatives
=1 p=-_1 1 : answer
= A4 5 B 3

' 11
jof(x)dh“ 5 6 ]dx
o\x—4 x+2

‘: In|x — 4| —7ln\x + 2\]

1 1 _ 1
(ln3 ) (gln4—gln2)— 6ln2

Source: 2019 AP Calculus AB and BC Free-Response Questions
Copyright (© 2019 The College Board.
Reproduced with permission. http://apcentral.collegeboard.com.
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Calculus Exam

1

x=2

x=b

. 1=, 1
= lim | —— + lim | ——
b1\ X=1lio ) por -1

. 1 . 1
= lim (—— - 1) + lim (—1 + —)
b1\ b =1 b1t b-1

7ﬁ) does not exist, the integral diverges.

Source: 2019 AP Calculus AB and BC Free-Response Questions
Copyright (© 2019 The College Board.
Reproduced with permission. http://apcentral.collegeboard.com.

)

2 1 2
zidx:j%dx:j 1 2dx+J —dx
0x"=2x+1 o (x-1) 0 (x-1) 1 (x=1)

b 2
limj L+ limJ 1 a
b>1"Jo (x—l) b1t Jp (x—l)

3:

1 : improper integral
1 : antiderivative
1 : answer with reason
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Part (a)

Solution
1 _
f0) = g - @ 2
Fa) = (-1)(a? =204 )2 (2m = 2) = (e,

oy CDE0-2) 2
FO = —sosm " "

k2 = = k=

Sl

1
3
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Technology Solution

Ay=— pone solve(i=6,k b0 = 2
x“=2-x+k k 2l
< (1) 2 () solve((i(;‘(x))lx= 0)=6,k >0 = e
dx ~ 2 dx 3
(x" -2 x+k)
d 2
=0 ;
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Graphical Presentation

m iR ) extension_bcS 12 (1314 rAD [I]
AN S Done "1 11()=g(x)
2 1 B
X5 =2 xt——=— ( y=6x+1.73
0,1.73)
a /
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Example 1 Runs in the Family
1
22 —2x—6
(a) Find an equation for the tangent line to the graph of g at the value x = 4.

Consider the function ¢ defined by g(z) =

(b) Sketch a graph of g and the tangent line on the same coordinate axes.
(c) Find the value b where the tangent line intersects the z-axis.
(

d) Find the area of the region bounded the graph of g, the tangent line, and the
line x = 0.

v
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Part (b)

Solution

/Olf(a:)dx:/olmdx:/olmdx

Partial Fraction Decomposition

1 A N B A(x+2)+ B(x —4)
(x—4)(x+2) x-4 z2+2  (z—-4)(z+2)

1=A(x+2)+ B(x —4)
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Part (b)

Solution (Continued)

1 1
/ f(:z:)dxz/ /6 1/6 dz Use the PFD
0 0o lr—4 x+4+2
1 1 1
= —1n|x—4|——ln|x—|—2| Antiderivatives
6 6 0
= 11n3—11n3 — 1ln4—lln2 FTC
6 6 6 6

1 1.4 1
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Technology Solution
mm cAN ) *extensio..bcS

?(X):=; Done
x%-2-x-8
expand(f(x)) 1 1
6 (X 4) 6 (x+2

1 -In(2)
j Ax) dx -
0
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Example 2 Unbounded Region

. . . 1
Consider the function ¢ defined by g(z) = R
(a) Find the value of/ g(z) dx or show that it diverges.

(b) Let R be the region in the first quadrant bounded by the graph of y = g(z),
the z-axis, and the y-axis. Find the volume of the solid obtained by rotating

R about the z-axis. )
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Part (c)
Solution
2 2 1 2
1 1 1 1
— —  dr= ——dr = —d ——d
/0 2 —2x+1 v /0 (x—1)2 v /0 (x —1)2 x+/1 (x—1)2 v
b 2 1
= 1li —d li ——d
o ), 2 TN, o2 ™
b L
= lim [ — + lim [ —
b—1- x—1}, b1+ z—1],

. 1 . 1
_bgqlf <_b—1_1>+b1in1a+ <_1+b—1>
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Part (c)

Solution (Continued)
li ! 1 +00
-\ b-1) " (O

b (L)1
bt \b— 1 _(+)—oo

Therefore, the (original) integral diverges.
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Technology Solution

p *extensio..beS

;(x):= 1 Done
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Example 3

1
2 —x—12°
A portion of the graph of g is shown in the figure.

Consider the function ¢ defined by g(z) =

Y

(a) Find the value of a such that hm g(x) =00

r—at

(b) Let R be the region bounded by the graph of g, the z-axis, and the line
x = 3. Find the area of the region R.

(c) Find the value of/ x) dz or show that it diverges.

v
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