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2019 Al Calculus Exam

(hours) 0 | 03|17 |28 4
vp()
(meters per hour) 0 55 -29 33 48

2. The velocity of a particle, P, moving along the x-axis is given by the differentiable function vp, where vp(r)
is measured in meters per hour and 7 is measured in hours. Selected values of vp(t) are shown in the table

above. Particle P is at the origin at time ¢ = 0.

(a) Justify why there must be at least one time ¢, for 0.3 < ¢ < 2.8, at which vp'(t), the acceleration of

particle P, equals 0 meters per hour per hour.

(b) Use a trapezoidal sum with the three subintervals [0, 0.3], [0.3, 1.7], and [1.7, 2.8] to approximate the

2.8
value of .[0 vp(t) dt.

Source: 2019 AP Calculus AB and BC Free-Response Questions
Copyright (© 2019 The College Board.
Reproduced with permission. http://apcentral.collegeboard.com.
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(c) A second particle, Q, also moves along the x-axis so that its velocity for 0 < ¢ < 4 is given by
vQ(t) =457cos (0.063[2) meters per hour. Find the time interval during which the velocity of particle Q
is at least 60 meters per hour. Find the distance traveled by particle Q during the interval when the

velocity of particle Q is at least 60 meters per hour.

(d) Attime 7 = 0, particle Q is at position x = —90. Using the result from part (b) and the function vy from
part (c), approximate the distance between particles P and Q at time ¢ = 2.8.

Source: 2019 AP Calculus AB and BC Free-Response Questions
Copyright (© 2019 The College Board.
Reproduced with permission. http://apcentral.collegeboard.com.
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2019 AP® Calculus Exam [A:E28 Scoring Guidelines

(a) vp is differentiable = v is continuous on 0.3 <7 < 2.8. 1:vp(2.8) = vp(03)=0
vp(2.8) —vp(0.3)  55-55 0 2: 4 1 :justification, using
2.8-03 To25 Mean Value Theorem

By the Mean Value Theorem, there is a value ¢, 0.3 < ¢ < 2.8, such that
vp'(c) = 0.

__OR_ —OR —

1:vp(0.3) > vp(1.7)

vp is differentiable = vp is continuous on 0.3 < ¢ < 2.8.
and vp (1.7) < vp(2.8)

By the Extreme Value Theorem, v, has a minimum on [0.3,2.8]. 1 : justification, using
vp(0.3) = 55 > 29 = vp(1.7) and vp(1.7) = =29 < 55 = vp(2.8). Extreme Value Theorem
Thus, vp has a minimum on the interval (0.3, 2.8).
Because v, is differentiable, v,'(#) must equal 0 at this minimum.

(b) -[Ozvxvp(t) dt ~ O.S(VP(O) +2VP(0'3)J + 1.4(VP(0'3) ;— vP(lj)] 1 : answer, using trapezoidal sum

n 1_1("1’(17) ; VP(Z'S))

B 0+55 55 +(=29) (—29+55)
70.3( 2 )+1‘4( 5 +1.1 7

=40.75

Source: 2019 AP Calculus AB and BC Free-Response Questions
Copyright (© 2019 The College Board. i3 Th
Reproduced with permission. http://apcentral.collegeboard.com. {‘ INSTRUMENTS
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() vp(t)=60 = t=4=1866181o0rt=B=3519174
vo(t) 260 for 4<t<B

J'j\vg(t)\ dt =106.108754

The distance traveled by particle O during the interval 4 <t < B is
106.109 (or 106.108) meters.

(d) From part (b), the position of particle P attime ¢ = 2.8 is

2.8
xp(28) = [ “vp(r) dt = 4075,

=

2.8
xp(2.8) = x5(0) + jo vo(?) dt = =90 + 135.937653 = 45.937653

Therefore, at time ¢ = 2.8, particles P and Q are approximately
45.937653 — 40.75 = 5.188 (or 5.187) meters apart.

Source: 2019 AP Calculus AB and BC Free-Response Questions
Copyright (© 2019 The College Board.
Reproduced with permission. http://apcentral.collegeboard.com.

: interval
: definite integral
: distance

2.8
: J;) vo(?) dt
: position of particle O
: answer
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2019 AP@J Calculus Exam Technology Solutions and Problem Extensions
Part (a)

Compute the appropriate difference quotient.
Up(2.8) - Up(0.3) - 55 — 55 -0
2.8—0.3 25

vp is differentiable (given). Therefore, vp is continuous on 0.3 <t < 2.8.

By the Mean Value Theorem, there is a value ¢, 0.3 < ¢ < 2.8, such that
vp(c) =0.

Notes

(a) Rolle's Theorem

(b) Use of the Extreme Value Theorem
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Part (b)

Find the trapezoidal sum.

2.8
) 2 ;
/0 vp(t)dt = 0.3 [—0 255} 114 [—55 +§ 9)] +1.1 [—9; 55] Trapezoidal

=8.25+18.2+14.3 =40.75 Simplify
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Technology Solution

] 1.1 m extension_ab2

At E velp G D 3

2

= Z((z[nl]—z[i])- (velpli]+veppli+1))

1 0 0 = 2

2 03 55 e
3 1.7 -29

4 28 55

5 4 48 v
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Example 1 Quick Acceleration

The velocity of a particle moving along the z-axis is given by a differentiable
function v, where v is measured in meters per hour and t is measured in hours.
Selected values of v(t) are given in the table.

t |o]o4]07|12] 2| 3|35]| 4
o) | 0| 14| —4| 30|18 | —10 | 48 | 50

(a) Show that there are at least two different times, t1 # ta, for 0 <t < 4, such
that the acceleration of the particle is 20 m/h*.

(b) Use a left Riemann sum (Ls), and then a right Riemann sum (Rs), with

3
subintervals as indicated in the table to approximate the value of / v(t) dt.
0

(c) Use a trapezoidal sum (75) with subintervals as indicated in the table to
3

approximate the value of/ v(t) dt.
0

(d) Verify that 75 = (Ls + R5)/2.

v
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2019 AP@J Calculus Exam Technology Solutions and Problem Extensions
Part (c)

Solve the equation vg(t) = 60 for 0 <t < 4.
Using technology: t = A = 1.866181 and t = B = 3.519174
Therefore, vg(t) > 60 for A <t < B.

The distance traveled by particle @) over the interval [A, B] is

B
/ luo ()| dt = 106.108754
A
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Technology Solution

*extensio..ab2

0oy
velg(t):=45- |t - cos(0.063- t2) Done £1(x)=velq(x)
az=nSolve(velq())=60,) 15r<2 1.86618 £2(x)=60
bi=nSolve(velg(1)=60.)3srs4 3.51917 (1866 40) (519.00)
20
x|
1 1 2

m Rl b *extensio. ab2
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Technology Solution

mm pXcll b *extensio..ab2

2019 AP® Calculus Exam

2.1 | 2.2 | 2.3 PREACIEERCT

b
|velq(!)| ds
a

106.109

£2(x)=60

106.109

f1 (x)=velq(x)

(1.868, 60

Ve

(3.519,605\
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Example 2 Go The Distance

Suppose a particle () moves along the z-axis so that its velocity for 0 <t < 9 is
given by vg(t) = 45v/t cos(0.063t%) meters per hour.

(a) Find the times ¢ and t3, 4 < t; <ty <9, for which the velocity is 0. Find
the distance traveled by the particle @ during the interval [t1, ts].

(b) Find the absolute maximum velocity of particle @) over the interval [0,9] and
the time at which this occurs, tnax. Justify your answer.

(c) Find the absolute minimum velocity of particle Q) over the interval [0,9] and
the time at which this occurs, tnin. Justify your answer.

(d) Find the distance traveled by the particle over the time interval [tmax, tmin]-

(e) Particle @ is at the origin at time ¢ = 0. Find the maximum distance of
particle ) from the origin over the time interval [0, 9].
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Part (d)

From part (b), position of particle P:
2.8
$p(28) = / Up(t) dt ~ 40.75
0

Position of particle @:

2.8
20(2.8) = —90 + /0 o (t) dt = —90 + 135.937653 = 45.937653

Distance between particles P and Q:

45.937653 — 40.75 = 5.188
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Technology Solution

2.8 45.9377
xq:=-90+ veiq(t) dt

xg—40.75 5.18765
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Example 3 Long Distance Friendship

Suppose the particle M moves along the x-axis so that its velocity for 0 <¢ <9 is
given by vy () = —15¢1In(t + 1) sin(0.72¢) meters per hour. Particle M is at the
origin at time t = 0.

Find the maximum distance between the particle M and the particle @ (as
described in Example 2).
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