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BC2 Free Response Question

AP® Calculus BC 2021 Free-Response Questions

__________________________________________________________ 

AP® Calculus BC 2021 Free-Response Questions

2. For time  t 0≥ , a particle moves in the  xy-plane with position  x t y t,( ( ) ( )) and velocity vector

t e t1 , sin
t 1.25
2

( )( − ) .  At time  t 0= , the position of the particle is  2, 5(− ). 

(a) Find the speed of the particle at time  t 1.2= .  Find the acceleration vector of the particle at time  t 1.2= .

(b) Find the total distance traveled by the particle over the time interval  t0 1.2£ £ . 

(c) Find the coordinates of the point at which the particle is farthest to the left for  t 0≥ .  Explain why there is

no point at which the particle is farthest to the right for  t 0≥ . 

Write your responses to this question only on the designated pages in the separate Free Response 

booklet. Write your solution to each part in the space provided for that part. 

GO ON TO THE NEXT PAGE. 

© 2021 College Board.  
Visit College Board on the web: collegeboard.org. 
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AP Calculus AB/BC 2021 Scoring Guidelines VH681768 Version 1.0 

© 2021 College Board 

Part A (BC): Graphing calculator required 
Question 2 9 points 

 
General Scoring Notes 
Answers (numeric or algebraic) need not be simplified. Answers given as a decimal approximation should be 
correct to three places after the decimal point. Within each individual free-response question, at most one 
point is not earned for inappropriate rounding. 
 
Scoring guidelines and notes contain examples of the most common approaches seen in student responses. 
These guidelines can be applied to alternate approaches to ensure that these alternate approaches are scored 
appropriately. Reach out to your leader whenever you are unsure of how to apply these guidelines to a 
particular response. 
 
For time 0,t ≥  a particle moves in the xy -plane with position ( ) ( )( ),x t y t  and velocity vector 

( ) ( )2 1.251 , sin .tt e t−  At time 0,t =  the position of the particle is ( )2, 5 .−  

 
 Model Solution Scoring 

(a) Find the speed of the particle at time 1.2.t =  Find the acceleration vector of the particle at time 1.2.t =  

 ( )( ) ( )( )2 21.2 1.2 1.271488x y′ ′+ =  

At time 1.2,t =  the speed of the particle is 1.271.  

Speed 1 point 

 ( ) ( )1.2 , 1.2 6.246630, 0.405125x y′′ ′′ =  

At time 1.2,t =  the acceleration vector of the particle is 
6.247  (or 6.246), 0.405 .  

Acceleration vector 1 point 

 Scoring notes: 
• Unsupported answers do not earn any points in this part. 

• The acceleration vector may be presented with other symbols, for example ( ),  or [ ], ,  or the 
coordinates may be listed separately, as long as they are labeled. 

• Degree mode: A response that presents answers obtained by using a calculator in degree mode does 
not earn the first point it would have otherwise earned. The response is generally eligible for all 
subsequent points (unless no answer is possible in degree mode or the question is made simpler by 
using degree mode). In degree mode, speed 0.844=  and ( )1.2 0.023y′′ =  (or 0.022 ). 

 Total for part (a) 2 points 
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(b) Find the total distance traveled by the particle over the time interval 0 1.2.t≤ ≤  

 ( )( ) ( )( )
1.2 2 2
0

1.009817x t y t dt′ ′+ =∫  Integrand 1 point 

 The total distance traveled by the particle over the time interval 
0 1.2t≤ ≤  is 1.010  (or 1.009 ). 

Answer 1 point 

 Scoring notes: 

• The first point is earned by presenting the integrand ( )( ) ( )( )2 2x t y t′ ′+  in a definite integral with 
any limits. A definite integral with incorrect limits is not eligible for the second point. 

• Once earned, the first point cannot be lost. Even in the presence of subsequent copy errors, the 
correct answer will earn the second point. 

• If the first point is not earned because of a copy error, the second point is still earned for a correct 
answer. 

• Unsupported answers will not earn either point. 

• Degree mode: distance 0.677=  (or 0.676 ) (See degree mode statement in part (a).) 

 Total for part (b) 2 points 
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(c) Find the coordinates of the point at which the particle is farthest to the left for 0.t ≥  Explain why there 
is no point at which the particle is farthest to the right for 0.t ≥  

 ( ) ( )
2

1 0 1tx t t e t′ = − = ⇒ =  Sets ( ) 0x t′ =  1 point 

 Because ( ) 0x t′ <  for 0 1t< <  and ( ) 0x t′ >  for 1,t >  the 
particle is farthest to the left at time 1.t =  

( ) ( )
1

0
1 2 2.603511x x t dt′= − + = −∫  

( ) ( )
1

0
1 5 5.410486y y t dt′= + =∫  

Explains leftmost 
position at 1t =  

1 point 

 One coordinate of 
leftmost position 

1 point 

 The particle is farthest to the left at point 
( )2.604  (or 2.603), 5.410 .− −  

Leftmost position 1 point 

 Because ( ) 0x t′ >  for 1,t >  the particle moves right for 1.t >  

Also, ( ) ( ) ( )
2

0
2 2 2 0 ,x x t dt x= − + ′ > − =∫  so the particle’s 

motion extends to the right of its initial position after time 1.t =  

Therefore, there is no point at which the particle is farthest to the 
right. 

Explanation 1 point 

 Scoring notes: 
• The second point is earned for presenting a valid reason why the particle is at its leftmost position at 

time 1.t =  For example, a response could present the argument shown in the model solution, or it 
could indicate that the only critical point of ( )x t  occurs at 1t =  and ( )x t′  changes from negative to 
positive at this time. 

• Unsupported positions ( )1x  and/or ( )1y  do not earn the third (or fourth) point(s). 

• Writing ( ) ( )
1

0
1 2 2.603511x x t′= − = −∫  does not earn the third (or fourth) point, because the 

missing dt  makes this statement unclear or false. However, ( ) ( )
1

0
1 2 2.603511x x t′= − + = −∫  does 

earn the third point, because it is not ambiguous. Similarly for ( )1 .y  

• For the fourth point, the coordinates of the leftmost point do not have to be written as an ordered 
pair as long as they are labeled as the x - and y -coordinates. 

• To earn the last point, a response must verify that the particle moves to the right of its initial position 
(as well as moves to the right for all 1t > ). Note that there are several ways to demonstrate this. 

• Degree mode: -coordinate 5.008y =  (or 5.007 ) (See degree mode statement in part (a).) 

 Total for part (c) 5 points 

 Total for question 2 9 points 
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Part (a)

speed =
√

[x′(1.2)]2 + [y′(1.2)]2 = 1.271

acc vector =
〈
x′′(1.2), y′′(1.2)

〉
= ⟨6.247, 0.405⟩



BC2 Technology Solutions and Problem Extensions

Part (b)

D =

∫ 1.2

0

√
[x′(t)]2 + [y′(t)]2 dt = 1.010

The total distance traveled by the particle over the time interval 0 ≤ t ≤ 1.2 is 1.010.
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Part (c)AP Calculus AB/BC 2021 Scoring Guidelines VH681768 Version 1.0 

© 2021 College Board 

(c) Find the coordinates of the point at which the particle is farthest to the left for 0.t ≥  Explain why there 
is no point at which the particle is farthest to the right for 0.t ≥  

 ( ) ( )
2

1 0 1tx t t e t′ = − = ⇒ =  Sets ( ) 0x t′ =  1 point 

 Because ( ) 0x t′ <  for 0 1t< <  and ( ) 0x t′ >  for 1,t >  the 
particle is farthest to the left at time 1.t =  

( ) ( )
1

0
1 2 2.603511x x t dt′= − + = −∫  

( ) ( )
1

0
1 5 5.410486y y t dt′= + =∫  

Explains leftmost 
position at 1t =  

1 point 

 One coordinate of 
leftmost position 

1 point 

 The particle is farthest to the left at point 
( )2.604  (or 2.603), 5.410 .− −  

Leftmost position 1 point 

 Because ( ) 0x t′ >  for 1,t >  the particle moves right for 1.t >  

Also, ( ) ( ) ( )
2

0
2 2 2 0 ,x x t dt x= − + ′ > − =∫  so the particle’s 

motion extends to the right of its initial position after time 1.t =  

Therefore, there is no point at which the particle is farthest to the 
right. 

Explanation 1 point 

 Scoring notes: 
• The second point is earned for presenting a valid reason why the particle is at its leftmost position at 

time 1.t =  For example, a response could present the argument shown in the model solution, or it 
could indicate that the only critical point of ( )x t  occurs at 1t =  and ( )x t′  changes from negative to 
positive at this time. 

• Unsupported positions ( )1x  and/or ( )1y  do not earn the third (or fourth) point(s). 

• Writing ( ) ( )
1

0
1 2 2.603511x x t′= − = −∫  does not earn the third (or fourth) point, because the 

missing dt  makes this statement unclear or false. However, ( ) ( )
1

0
1 2 2.603511x x t′= − + = −∫  does 

earn the third point, because it is not ambiguous. Similarly for ( )1 .y  

• For the fourth point, the coordinates of the leftmost point do not have to be written as an ordered 
pair as long as they are labeled as the x - and y -coordinates. 

• To earn the last point, a response must verify that the particle moves to the right of its initial position 
(as well as moves to the right for all 1t > ). Note that there are several ways to demonstrate this. 

• Degree mode: -coordinate 5.008y =  (or 5.007 ) (See degree mode statement in part (a).) 

 Total for part (c) 5 points 

 Total for question 2 9 points 

 

x′(t) = (t− 1)et
2

= 0 Find critical points

t− 1 = 0 ⇒ t = 1 et
2

̸= 0 Principle of Zero Products

t

x′(t)

x(t)

[[[

10

0 +++−−−

lmin

For 0 ≤ t < 1, x′(t) < 0 and for t > 1, x′(t) > 0.

Therefore, the particle is farthest to the left at time t = 1.
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Part (c)

Use the Net Change Theorem (twice) to find the position of the particle at time t = 1.

x(1) = −2 +

∫ 1

0

x′(t) dt = −2.604

y(1) = 5 +

∫ 1

0

y′(t) dt = 5.410
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Part (c)

x′(t) > 0 for t > 1. Therefore, the particle moves right for t > 1

Farthest point to the right could be the position of the particle at time t = 0: (−2, 5)

x(2) = −2 +

∫ 2

0

x′(t) dt = 8.346 > −2

The particle’s motion extends to the right of its initial position after time t = 1.

There is no point at which the particle is farthest to the right.
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Part (c)
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(d) Find the slope of the tangent line to the curve at time t = 1.8.

Solution

The slope of the tangent line is the ratio of the vertical and horizontal velocities.

Find
dy

dx
=

y′(t)

x′(t)
at t = 1.8

dy

dx

∣∣∣∣
t=1.8

=
y′(1.8)

x′(1.8)
= 0.043

Sketch the velocity and acceleration vectors.
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(e) For time t ≥ 0, a second particle moves in the xy-plane with position (x2(t), y2(t))
such that x2(t) = t+ sin t and y2(t) = et/3 + cos t. Are the particles ever at the
same position at the same time?

Solution
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Example
A particle moving along a curve C in the xy-plane is at position (x(t), y(t)) for
0 ≤ t ≤ 2π, where

dx

dt
= esin t y(t) = 3(1− cos t)

and x(t) is not explicitly given. At time t = 0 the particle is at the point (2, 0), and the
curve C is shown in the figure.

(a) Find the velocity vector at time t = π/4. Find the acceleration vector at time
t = π/4.

(b) Find the first time t in the interval 0 ≤ t ≤ 2π for which the speed of the particle is
3.
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Example 1 (Continued)

(c) Find the coordinates of the highest point on the curve C for 0 ≤ t ≤ 2π.

(d) Find the position of the particle at time t = π/4.

(e) Find the total distance traveled by the particle for 0 ≤ t ≤ 2π.

(f) Find the point on the curve C where the slope of the tangent line is −2.
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